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The purpose of this paper is to topologically characterize the surfaces of 

constant momentum, angular momentum, and energy occuring in the 
planar 3-body problem. For most values of these parameters the integral 
surfaces are manifolds. We have assumed for simplicity that the three bodies 
have equal masses. Independently, Stephen Smale [l] has recently charac- 
terized the integral surfaces occuring in the planar n-body problem for 
arbitrary masses using different methods. 

1. FORMULATION OF THE PROBLEM 

Three particles of mass m, , m2 , and ma , respectively, move in the plane 
under the influence of their mutual gravitational attraction. Let q1 = (xi , x2), 
q2 = (xs , x4) and q3 = (x5 , x6) denote the positions of the particles and let 
rij(x) -2 j qi - qi / denote the distance between the i-th and the j-th mass. 

Let p, = (yl , y2), pa = (yB , y4), and pa = (y,, , ys) denote the momenta 
of the three particles. Thus, the state of the system is specified by a point 

(x, y) E R6 x R6. Let K = (x E R6 : rij(x) = 0 for some ij>, and let the 
gravitational constant G = 1. Then the equations of motion can be formulated 

as a Hamiltonian system with Hamiltonian H : (R6 - K) x R6 --f Rx 
defined by 

H(x, y) = ; i L / p, I2 - U(x), 
K=I mK 

where 

U(X) = 1 ??tj??Zjrij’(X). 

i>j 
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y E Y. Since Y is diffeomorphic to two copies of S x 9 it easily is verified 
that r-l(X) is diffeomorphic to two copies of S x 9 x D*. 

PROPOSITION 3.9. If -2hJ satisfies inequality B, then M6(h, w) is 
dijjfeomorphic to the space obtained from (S3 - 3S) x S3 by surgery. The 

surgery consists of removing two copies of T x S3 standardly embedded in 
(9 - 3S) x S3 and replacing them by two copies of aT x D”. 

Proof. Choose E > 0 such that 

r-l(X) = +({u E M3(h, w) : U2(u) + 2hw2 < c}) 

is diffeomorphic to two copies of aT x D4. As in proposition 3.7, one shows 
that &(M3(h, W) - X) is d’ff 1 eomorphic to (S3 - 39 - 2(T - 8T)) x S3, 

and hence, M6(h, w) is diffeomorphic to the space obtained from 
(S3 - 39 - 2(T - aT)) x S3 U 2(8T x D4) by identifying the boundaries 
of these two manifolds with each other. (The boundaries in this case are 
equal to 2(aT x S3).) Thus, M6(h, W) is obtained from (S3 - 3S1) x S3 
by the surgery described in the proposition. 

PROPOSITION 3.10. If -22hw2 satisjies inequality C, then l’W(h, w) is 

d$eomorphic to three copies of aT x R4. 

The proof of this proposition is similar to the proof of Proposition 3.9 and 
is omitted. It is interesting to observe that in this case M3(h, w) has three 
components each diffeomorphic to (T - 9). M2(h, w) also has three 
components which lie in disjoint neighborhoods of the corners of V. Hence, 
the shape of the triangle formed by the three bodies can not vary greatly 
and the same two bodies must remain close to each other relative to the 
third body. The motion can be approximated by considering two 2-body 
problems. 
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