
Introduction. Nonlinear waves arise in many physical,
biological, and chemical systems, including nonequilibrium
reactions [1], shallow water [2], bacterial populations [3],
epidemics [4], and cortical tissue [5]. Phase synchronization
of multiple waves can occur when their dynamics are coupled.
For example, spiral waves in chemical systems become
entrained when coupled diffusively through a membrane [6].
Experiments on amoeba populations have also demonstrated
entrainment via interactions between wave-emitting centers
and spiral waves of cell density [7]. Common forcing can also
synchronize waves at distinct spatial locations. Spatiotemporal
analysis of epidemics reveals that both seasonality and
vaccination schedule can entrain the nucleation of outbreak
waves across geographical space [8]. Furthermore, activity
recordings from the primary visual cortex show that triggering
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with � j (t) = xj and will show limt	� |� 1(t) Š � 2(t)| = 0.
At O(� ), we Þnd Eq. (2) with a corresponding linear operator
Lu = cu
 Š u + w � [f 
(U) · u]. Solvability is enforced by
ensuring the right-hand side of Eq. (2) is orthogonal to the null
spaceV of the adjointL � p = Š cp
 Š p + f 
(U) · w(Š� ) �
p(� ), yielding the Langevin equation, Eq. (4). The Lyapunov
exponent� associated with the stability of the absorbing state
� 1(t) = � 2(t) is then approximated by Eq. (14).

To compare our analytical results for traveling
waves with numerical simulations, we compute� from
Eq. (14) when f (u) = H (u Š � ), w(x) = cos(x Š 
 ), and
C(x) = cos(x). Stable traveling waves have a proÞleU(� ) =
cos
 [sin � Š sin(� + a)], width a = � Š sinŠ1[� sec
 ]
deÞned by thresholdsU(� 1) = U(� 2) = � where� 1 = � Š a
and� 2 = Š � , and speedc = tan
 [28]. The null vector can
also be computed explicitly:

V(� ) =
2�

k= 1

(Š1)k
	
H (� Š � k) +

coth(�/c ) Š 1
2



e(� kŠ� )/c .

Fourier coefÞcients ofW(�,t ) in Eq. (6) are thus given
b± 1 = (1 
 c)/
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so 〈dWj (x,t)〉 = 0; 〈dWj (x,t)dWj (y,s)〉 = 2Cj (x − y)δ(t −
s)dtds (j = 1,2,c) with Cj (x) = ∑∞

k=0 ak cos(kx). The de-
gree of correlation between layers is controlled by the
parameter χ .

Our analysis proceeds by considering stationary bumps in a
network with even symmetric connectivity [w(x) = w(−x)].
As in the main text, we characterize stochastic bump motion
by applying the ansatz uj (x,t) = U (x − �j (t)) + ε	j (x −
�j (t),t) + O(ε2), and �j (0) = xj . Plugging this ansatz into
Eq. (A1), expanding to O(ε), and applying a solvability
condition, we find that each �j (j = 1,2) obeys the Langevin
equation

d�j = εχ

∫ π

−π
V (x)dWc(x + �j ,t)dx∫ π

−π
V ( x

V ,tO x �
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