
PHYSICAL REVIEW E 85, 021910 (2012)

Response of traveling waves to transient inputs in neural fields
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We analyze the effects of transient stimulation on traveling waves in neural field equations. Neural fields
are modeled as integro-differential equations whose convolution term represents the synaptic connections of a
spatially extended neuronal network. The adjoint of the linearized wave equation can be used to identify how
a particular input will shift the location of a traveling wave. This wave response function is analogous to the
phase response curve of limit cycle oscillators. For traveling fronts in an excitatory network, the sign of the shift
depends solely on the sign of the transient input. A complementary estimate of the effective shift is derived using
an equation for the time-dependent speed of the perturbed front. Traveling pulses are analyzed in an asymmetric
lateral inhibitory network and they can be advanced or delayed, depending on the position of spatially localized
transient inputs. We also develop bounds on the amplitude of transient input necessary to terminate traveling
pulses, based on the global bifurcation structure of the neural field.
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or inhibitory. Finally, there is a function that relates the shift
of the front to the amplitude and sign of the input, which we
approximate.

A. Wave response function: Adjoint

In the absence of inputs (I (x,t) = 0), Eq. (1) has a
unique traveling front solution u(x,t) = U (x − ct) with speed
c, provided [18] (i) f ∈ C1 and f ′′ > 0, (ii) the function
−u + f (u) has only three fixed point u0 < u1 < u2 with u0,2

stable, and (iii) w ∈ C is even and a positive function with∫ ∞
−∞ w(x)dx < ∞. Conditions (i) and (ii) are satisfied for the

sigmoid firing rate function (4) with finite gain. Even though
the Heaviside firing rate function (5) does not satisfy these, the
wave front can be calculated explicitly [12,18,20].

Since Eq. (1) possesses a traveling front solution u(x,t) =
U (ξ ), where ξ = x − ct , when I (x,t) = 0, we have

−cUξ = −U +
∫ ∞

−∞
w(ξ − y)f [U (y)]dy. (9)

We can consider how transient inputs alter a front using
perturbation theory on Eq. (1). Assuming 0 < |I (x,t)| � 1,
we rewrite I (x,t) =i8203 0151(30 0 1 scnν11.58141.358 TDν0.0592 90.610<ε)]
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FIG. 5. (Color online) Traveling front’s wave response function η∞ for a spatially localized input (7) for (a) �x = 0.4 and (b) �x = 1,
comparing adjoint theory (39) (line) to numerical simulations (circles). The associated front (19) is also plotted, when
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superthreshold region of width �, which we choose to lie at
the rightmost edge of the domain ξ ∈ (π − �,π ), such that

−cUξ = −U + A

∫ π

π−�

cos(ξ − y − φ)dy. (43)

Solving Eq. (43) with an integrating factor, we find

U (ξ ) = 2 sin
(

�
2

) [
c sin

(
ξ + �

2 − φ
) − cos

(
ξ + �

2 − φ
)]

c2 + 1
.

(44)

Applying the threshold conditions U (π − �) = U (π ) = θ ,
we can use Eq. (44) to generate a solvable set of equations
for the wave speed c and pulse width � given by

2A sin
(

�
2

) [
cos

(
�
2 − φ

) − c sin
(

�
2 − φ

)]
c2 + 1

= θ, (45)

2A sin
(

�
2

) [
cos

(
�
2 + φ

) + c sin
(

�
2 + φ

)]
c2 + 1

= θ. (46)

Upon subtracting Eq. (45) from Eq. (46), we find

2A(cos � − 1)

c2 + 1
(sin φ − c cos φ) = 0.

Excluding the solution cos � =
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has solutions of the form Be−ξ/c. Along with the δ functions
on the right-hand side and the 2π periodicity, this suggests a
solution of the form

V (ξ ) = [H (ξ + π ) + e−2π/c + e−4π/c + · · ·]e−(π+ξ )/c

+α[H (ξ − π + �) + e−2π/c + e−4π/c + · · ·]
× e(π−�−ξ )/c.

The two infinite series arise from the fact that exponential
functions originating at ξ = π − � and ξ = −π , in effect,
wrap around the domain indefinitely due to periodicity. Plug-
ging this into our adjoint equation, we can self-consistently
determine the constant α. We make use of the geometric sum

∞∑
n=1

e−2nπ/c = 1

2

[
coth

(
π

c

)
− 1

]
.

After a straightforward calculation, we find

[c−C(−π )]δ(ξ +π )+ [αc − C(π − �)]δ(ξ + π − �)= 0,

where

C(−π ) = c

1 − cos �
(1 + α cos �)

and

C(π − �) = c

1 − cos �
(cos � + α).

Requiring self-consistency, we find α = −1, so that

V (ξ ) =
[
H (ξ + π ) + coth(π/c) − 1

2

]
e−(π+ξ )/c

−
[
H (ξ + � − π ) + coth(π/c) − 1

2

]
e(π−�−ξ )/c.

Now we have a periodic, albeit discontinuous, response
function that takes on both positive and negative values.

Notice that for homogeneous inputs I (x,t) = I0δ(t),

η∞ = − I0
∫ π

−π
V (ξ )dξ∫ π

−π

dU (ξ )
dξ

V (ξ )dξ
= 0, (49)

so there is no predicted shift. However, when we consider
spatially localized pulsatile stimuli (48), our adjoint ap-
proach approximates the response function (41) of the pulse
as

η∞ = −I0
P+(xp) − P−(xp)

2A cos3 φ(cos � − 1)
(50)

for the piecewise-defined functions

P+(xp) =
{
H+e−(π+xp)/c, xp > �x − π

H−e−(π+xp)/c + E(−π ), xp < �x − π

and

P−(xp) =
⎧⎨
⎩
H+e(π−�−xp)/c, xp > p+
H−e(π−�−xp)/c + E(π − �), xp ∈ (p−,p+)
H−e(π−�−xp)/c, xp < p−,

where we denote the domain points p± = π − � ± �x and
define the functions

H± =
[

coth

(
π

c

)
± 1

]
sinh

(
�x

c

)
,

E(ξ ) = 1 − e(ξ−xp−�x )/c.
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FIG. 8. (Color online) Traveling pulse (47) terminated by a spatially homogeneous pulsatile stimulus I (x,t) = −I0δ(t − tp). (a) Numerical
simulation of the asymmetric ring neural field u(x,t) stimulated at tp =
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This indicates that the minimal spatially homogeneous stimu-
lus amplitude I ∗

0 required to shut off a traveling pulse is given
by the equation θ = Us(π/2) − I ∗

0 , so

I ∗
0 = A cos φ

⎛
⎝

√
1 − θ2

A2 cos2 φ
+ 1

⎞
⎠ − θ. (51)

We plot this along with numerically determined critical
stimulus amplitudes in Fig. 9(a). As the parameter φ is
increased to the saddle-node bifurcation point, the critical
stimulus amplitude needed to terminate the pulse decreases
toward zero.

An alternative paradigm for transient stimuli considers a
long but finite forcing of the network. Presuming that the
stimulus lasts longer than the relaxation time of the neural field,
we can think of shutting off the stable traveling pulse by in
effect sliding it off the stable branch of pulses, past the saddle-
node bifurcation in parameter space. Therefore, the effective
threshold of the network simply has to be higher than the
threshold value of the saddle-node bifurcation θSN = A cos φ.
Therefore, a long but transient stimulus could kill a pulse if its
amplitude I0 + θ > θSN or, equivalently, I0 > A cos φ − θ , as
long as it lasts a sufficient amount of time.

For pulsatile stimuli of finite width

I (x,t) = −I0δ(t)H (ξ − π + �I ),

at the right edge of the domain, it is only necessary to narrow
the pulse below the unstable pulse’s width. In particular, if
we consider a rectangular region of negative stimulus, its
amplitude must exceed the maximal value of Us and it must be
wider than �s − �u. Thus, as long as the stimulus amplitude
satisfies the inequality

I0 > 2A cos

{
sin−1[(θ/A) sec φ]

2

}
cos φ, (52)

then we predict that the critical width of the stimulus to shut
off the pulse is

�∗
I = �s − �u = π − 2 sin−1[(θ/A) sec φ]. (53)

We compare this critical stimulus width prediction with the
results of numerical simulations in Fig. 9(b). It is assumed that
we apply the stimulus in the rightmost region of the domain,
but we could make corrections for stimuli applied in front of
the pulse or in its interior.

V. CONCLUSION

We have studied the effects of transient inputs on the
position of traveling waves in neural fields. Inputs can cause
waves to shift in the wave coordinate frame. In particular,
we found that using perturbation theory to derive a response
function involving the adjoint of the linearized wave equation
provides a reasonable approximation for the shift in position.
There is a clear analogy between the response function we have
derived for waves and the phase response curve of limit cycle
oscillators [50]. The strictly non-negative response function
we derive for traveling fronts in an excitatory network can
be thought of as type I since the sign of the perturbation
determines the sign of the wave shift. In contrast, the response
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necessary [53]. Thus it would be useful to study the problem
of terminating traveling pulses in neuronal network models
with more details that address the complications of the in vivo
problem. For example, our analysis could be adapted to noisy
neural fields or spiking neuron networks.
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