Department of Applied Mathematics
Preliminary Examination in Numerical Analysis
January, 2020

Instructions. You have three hours to complete this exam. Submit solutions to four
(and no more) of the following six problems. Please start each problem on a new page.
You MUST prove your conclusions or show a counter-example for all problems unless



(c) Use Newton’s method on f(x) = e* —sin(x). Use arguments similar to those in (a) to
argue that f (x) =0 for x [—1/2,1/2].

2. Linear Alegbra.
(a) Let A be a real n < n matrix with distinct eigenvalues such that
ALl = A2 =|A3]=...=|An| =0

with corresponding eigenvectors {v;j



(b) We need to rewrite yn+1 SO that it does not involve xn+1. We do this by simply plugging
in the definition of Xp+1 to find yn+1 = 2Xn + yn.
Then the linear system iteration is

e l=le ]

(c) We know that the power iteration converges to the eigenve



for some n [a,b] by the mean value theorem. (See for example Chapter 1 Thm
1.3 of Atkinson Numerical Analysis text.) The trapezoidal rule is given by 1,(f) =
T@2T0) (h — a) and the error term is E1(f) = —f (n)(bzg)g.

() 1n(F) = h [T5D +F0xq) + -+ F(xpog) + TG
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En(f) <



So we need to chose a and b so that |, satisfies the first two conditions. After some
algebrayou finda= 2



Solution (b)
Plug in the right hand side to find

Yn+1 = Yn = GhAyn + Bh(=A(Yn — Avhyn)) = (1 — (o + B)hA + Byh?A%)yn.

We know that for second order we require o + 3 = 1 and 2By = 1 so that in order for the

sequence to be bounded
2

|1—z+%|s1, 72 = ha,

Thus
72
—1sl—z+7s1.
or
72
?—ZSO z=0, z<2.
Thatish< 2.

To find the error estimate note that y(t) = e~ so that

232 242
Y(tn) —yn =€ — (L —hA+ %)” = @) @ -m+ I 2)\ )".

Recall that
xh:
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Solid lines represents the numerical solution and dashed lines the exact solution.

(b) Let D denote one of the di erence operators above. Then if we discretize in time using
the trapezoidal rule we have (the superscript now denotes the time index)

n+l _ . ,n n+1 n
vj . b (vj 2+vj ) o

Show that with this timestepping the spatial discretization corresponding to “Figure A”
satisfies v"*! ﬁ = V" ﬁ while the discretiztion corresponding to “Figure B” satisfies
v+l 2 < y" 2. Hint: First find a. and / or a— such that D.vj = DoVj +0+D+D_vj.

Solution (a):
The continuous problem can be treated by Fourier series. Assume that the expansion of the
initial data is

u(x,



Solution (b):
Multiply by vi”+1 +v{' and sum to find

vl 2 yn 24 %(vn+l +Vv", D" +vM), = 0.
First note that for any periodic grid functions r,s we have (r, Dgs) = —(Dgr, s) (just write

out the expressions term by term and use the boundary conditions) so that
(Vn+1 + Vn, Do(vn+l + Vn))h — 0,
and the first part follows.

Second, as indicated by the hint, we have the identity

h
D-vj = Dgvj — ED...D_VJ'.

The second part then follows by noting that (r, D+s) = —(D—r, s) so that for scheme (1) we
have

Ath
YL 2 yn 2y T(D_(V”+l +v™M), D_(v"* +v"), = 0.
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