1. Nonlinear equations: Solution:

The function f(x) = x — g(x) is continuous on [a,b] and crosses the axis: f(a) = a—g(a) <
0 < b—g(b) = f(b). Hence, there exists at least one zero, u, of T (that is, a fixed point of g) in
[a,b]. Assume also that g(v) =v B u. Then0<|u—v|=|[gu) —g(V)| <Alu—vVv|<|u—vV]|, a
contradiction. Thus, u = v and we have proved uniqueness. Convergence holds as follows:

U = Xnia] = [9(u) = g(Xn)| = Alu — Xnl,
which, by induction, implies convergence of x, to u according to
[u—Xn| < A"|u— Xyl
The explicit linear convergence bound now follows:

|Xn+1 - Ul = |g(Xn) - g(u)I = )\lxn - U|.
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Interpolation Approximation: Solution:

Since e is continuous, there must exist a, 3 []d, b] that satisfy

M =e(a) = mq%é] |
X



4. Linear algebra: Solution:

(a) This is a result of the following identities:

T T
max —mARXEI: max —EQARRI?@: max [QAY mz max <ATQQAYy > = max SAAYY> >.
xz0  [XIZ] ygo  [RY[Z] ygo [yIZ] yE0 <y,y> ygo <y,y >

(b) A =UAV Swhere U,V [CII™T are unitary and A is n x n diagonal.
(c) ALEF AV H= [AICF WIAUH = [AY = A ]

(d) Suppose Au = Au, where 0 8 u [LTI"and |A| = p. Then p(A) :W [Au [/Tul < [AIL]
(e) [AIZE maXygy < ATAX, X >/ < X, X >= MaXygg < A?









