


For any x 2 B , we have

k(An � A)xk < �= (3M )kxk � �=3:

Hence if we pick an arbitrary point A(x) 2 A(B ), it is within �=3 of the point
An (x) 2 An (B ). By the triangle inequality, since (x i ) is an �=3 net for An (B ), there
is someAx i that is within � of A(x).

Explicitly, for x 2 B , there is somex i such that

kAx � Ax i k � k Ax � Anxk + kAnx � Anx i k + kAnx i � Ax i k

< �= 3 + �=3 + �=3 = �:

Hencef Ax i g is a �nite � -net for A(B ), and since � was arbitrary, this means A(B )
is totally bounded, hence pre-compact.

(b) We show strong convergence is not su�cient. Take An to be de�ned as in Example
5.46 in the book, where forx = ( x1



Now, to evaluate the limit of the integrand, use standard techniques (e.g., L'Hôpital's
rule) to get a value of 0 for x 2 (0; 1] and 1 for x = 0. Integrating this function gives a
value of 0.

(b) The partial sums sn are monotone sincebk and r are nonnegative. The partial sums are
also bounded, since (bk ) is bounded (say,bk � M for all k), and r < 1, so that

sn � M
nX

k=1

r k =
Mr (1 � r n )

1 � r
�

Mr
1 � r

Thus we have a bounded, monotone sequence of real numbers, so the Monotone Con-
vergence Theorem says this sequence must converge. (Note that it need not converge to
Mr= (1� r ), sinceM was just a bound on (bk ); rather, it converges to r=(1� r ) �lim supk bk ).

Problem 4:

(a) H0(x) = 1, H1(x) = 2 x, H2(x) = 4 x2 � 2, and H3(x) = 8 x3 � 12x.
(b) Follow the hint and let v(x) = e�x2

, so the term in the hint is (where v(m) is the mth

derivative of v)

(� 1)n
Z
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Hn (x)v(m) dx = Hn (x)v(m�1)
���
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2nH n�1(x)v(m�1) dx

= �
Z

R
2nH n�1(x)v(m�1) dx

= : : :

= ( � 1)n2nn!
Z

R
H0(x)v(m�n) dx

and H0(x) = 1. If n < m , integrating once more gives 0 sincev and its derivatives
approach zero asx goes to�1 , and this proves the orthogonality.

(c) This follows directly from part (b), since we have just moved the weight function to ' .
(d) Because this is an orthonormal basis, we just calculate

f 8 =
Z
R

f (x)c8' 8(x) dx:

Problem 5:

(a) Let 0 2 int C and x 2 X . Then there is an � > 0 such that B � (0) � C, and in particular
�
2 2 C, so  C (x) � 2=� < 1 . Now let C be convex, and letx; y 2 C with  C (x) = � and
 C (y) = � . Then x 0 = x=� 2 C and 2 int



	( x) � 	( d) 8x 2 C, and thus the hyperplane de�ned by f x 2 X : 	( x) = 	( d)g
separatesd and C.


