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INSTRUCTIONS.



Solution sketches:

Problen 1 Integrating the di erential equation, we get
z

x

v(X) = % + % ) sin(s + v2(s))ds: )]

Let|| ||u= SUp!e[o,u |u(t)| denote the uniform norm, and de ne the set
1
X={ €C[0;1] : (0)= 2 and || |4 <1}:

The set X combined with the uniform norm is a metric space. Now de ne the operator
Z

T ](x) = % + % : sin(s + ( (s))?)ds:

the IVP can then be written as a xed point problem Tv = v.
First observe that if < X, then T



Problen 3+ Let | denote the line in the complex plane | = {z € C: Im(z) =0 Re(z) € [-3; 51}
(@) Set = +1i where and arereal. Set C = sup~;| +z| = p(g +| [)2+ 2. Since
I[Au]l(x)| < C|u(x)| for all x, we get ||A|| < C. For the converse, suppose that > 0 (the proof for
< 0 is analogous). Set U, = [, ,41). Then ||u.|[ =1 and

z z

AU, |)? = o |( +arctan(x))|? dx = o ( +arctan(x))?+ 2)dx > ( +arctan(n))®’+ 2 — C:
(b) We have
Z Z
(Au;v) = u(x)v(x)dx + arctan(x) u(x) v(x) dx @)
zR zR
(u; Av) = u(x)v(x)dx +  arctan(x) u(x) v(x) dx: (3)
R R

We see that A is self-adjoint if and only if s real.

(c) Suppose that Au = 0. Then ( + arctan(x)) u(x) = 0 almost everywhere. This can happen only if
u = 0. It follows that A is one-to-one for all

(d) If e, thenset =min-~| —z|=dist(l; ). Since I is closed, = 0. Clearly ||Au|| > ||u]|,
so A has closed range. To prove the converse, we will use that since A is one-to-one for all , it
has closed range if and only if it has a continuous inverse. Suppose rstthat € (— =2; =2). Set
I, = (tan( ) — 1=n; tan( ) +1=n) and u, = ,. Then lim,_ |[|Au,||=||u,.






