
http://orcid.org/0000-0001-5883-6562


2 G.A. El et al.

that is, not explicitly resolvable with respect to the time derivatives,
a property that enables the possibility of new classes of solutions not
generally observed in hyperbolic conservation laws and their evolutionary
dispersive regularizations such as the Korteweg–de Vries equation, the
defocusing nonlinear Schrödinger equation, and other equations exhibiting
rich families of dispersive shock waves [3, 4]. New solutions in the
form of stationary, smooth, nonoscillatory expansion shocks were found
in [5] for the Benjamin-Bona-Mahony (BBM) equation, that represents a
unidirectional analog of the system (1).

The Boussinesq equations (1) are a convenient mathematical model in
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6. Discussion

Decaying expansion shocks were recently identified as robust solutions to
conservation laws of nonevolutionary type that naturally arise in shallow-
water theory. In [5], we studied these shocks in the framework of the
unidirectional BBM equation, using matched asymptotic expansions. In
the present paper, the analysis of [5] is extended to a bidirectional
regularized Boussinesq system [1]. The extension to the bidirectional case
is more complicated, and has revealed further structure of expansion shocks
exhibiting subtle but essential features that appear in the second-order
corrections of the matched asymptotic expansion, while the first-order
solution is equivalent to the BBM expansion shock. The key approach
to our analysis of Boussinesq expansion shocks is the use of Riemann
invariants of the underlying ideal shallow-water equations as field variables
in the full dispersive system. Another important aspect is the requirement
of the balance between two small parameters: the width δ of the smoothed
Riemann data satisfying the stationary expansion shock RH conditions and
the value of the initial jump of the water height, measured by ε. The
product μ = εδ then sets the inverse timescale for the algebraic decay of the
expansion shock.






