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Stationary expansion shocks have been identified recently as a new type of
solution to hyperbolic conservation laws regularized by nonlocal dispersive
terms that naturally arise in shallow-water theory. These expansion shocks
were studied previously for the Benjamin-Bona-Mahony (BBM) equation
using matched asymptotic expansions. In this paper, we extend the BBM
analysis to the regularized Boussinesq system by using Riemann invariants
of the underlying dispersionless shallow-water equations. The extension
for a system is nontrivial, requiring a combination of small amplitude,
long-wave expansions with high order matched asymptotics. The constructed
asymptotic solution is shown to be in excellent agreement with accurate
numerical simulations of the Boussinesq system for a range of appropriately
smoothed Riemann data.

1. Introduction
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that is, not explicitly resolvable with respect to the time derivatives,
a property that enables the possibility of new classes of solutions not
generally observed in hyperbolic conservation laws and their evolutionary
dispersive regularizations such as the Korteweg–de Vries equation, the
defocusing nonlinear Schrödinger equation, and other equations exhibiting
rich families of dispersive shock waves [3, 4]. New solutions in the
form of stationary, smooth, nonoscillatory expansion shocks were found
in [5] for the Benjamin-Bona-Mahony (BBM) equation, that represents a
unidirectional analog of the system (1).

The Boussinesq equations (1) are a convenient mathematical model in
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Equations (3) can be reformulated to express u± in terms of h± yielding
expressions that we refer to as the RH locus

u± = h∓

(
2

h− + h+

)1/2

. (4)

Note that (2) and (3) are weak solutions of both the hyperbolic system
of dispersionless shallow-water equations and the dispersive system (1),



4 G.A. El et al.

2. Expansion shock Riemann data

The shallow-water equations

ht + (
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keeping the wave speed constant, whereas in the classical case, the wave
speed varies along the wave curves, and one of the constant states is fixed.

The purpose of using the small parameter ε is due to the fact that
h± = 1

16 (r± − s±)2 exactly satisfies (10), even for the first- and second-order
expansions in terms of ε in Equation (14) and (15). If one instead expands
s±, r± in terms of the small parameter H − 1, this property will not hold.
Although using ε or H − 1 yields asymptotically equivalent approximate
solutions, the sustenance of the far-field behavior in Equation (10) is useful
for comparing the asymptotic solution with the numerical solution, as we
will do in Section 5.

3. BBM approximation and the structure of the expansion shock

For hyperbolic conservation laws, Riemann initial data such as in
Equation (11) provide useful mathematical approximations to physical
problems in which the data are actually smooth, as well as being the
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constant across the entire solution except, as we see, in the small, δ-wide
region within the expansion shock.

4. Expansion shock for the Boussinesq equations

We now proceed with the detailed asymptotic analysis of expansion shocks
for the system (17). Similar to [5], we use matched asymptotic expansions.
The key to the analytic construction in [5] is the separable structure of
the PDE describing the inner solution with the scaled variables ξ = x/δ,
T = δt . Unfortunately, the Boussinesq equations (17) do not admit such a
separation of variables with this scaling of x, t and require a somewhat more
sophisticated asymptotic analysis to reveal the detailed internal structure of
the expansion shock.

We first consider the inner problem, that is, near the initial smoothed
transition. The precise structure of the smoothed Riemann data will be
clarified in the analysis below. Our construction will be based on formal
expansions in two small parameters: the initial jump in height ε ∼ H − 1
(Equation (13)) and the jump spatial transition width δ, set by the initial
conditions. However, as we see, the resulting solution also provides an
excellent approximation for moderate values of H − 1.

4.1. Inner solution: first -order approximation

Assuming the spatial scale δ of the inner solution to be set by the smoothed
initial data, we seek a solution to Equations (17) in the scaled inner
variables ξ = x/δ, τ = μt , where the parameter 0 < μ � 1 is an inverse
timescale for the development of an expansion shock, which is to be
determined. With these scalings, Equations (17) become

μr (in)τ + 1

4δ
(3r (in) + s(in))r (in)ξ = μ

6δ2

(
r (in)ξξτ + s(in)ξξτ

)

μs(in)τ +

mk T{′∞′.9589 ′ ′ ∞′.9589 ∞69∞4 cm-3∈9l93′8∞33 ∞′.9589 66.8599 ′ ∞′.9589 339.9 ′ ∞′.9589 66.85k,

s

(in)

+

6r

(in)

r

(in)
ξξτT
0s
/gs
0 4 c949F5 1 Tf
10.9589 0 0 10.9589 255.339 248.1241 Tm
[(=)] TJ
ET
BT
-0.7013 TLs
/CS1 cs
1 s9589 0 0 10.9589 2Flnsion 6�
r(in) ξξτ

+

s

(in)

ξξτ

�<μ (3
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where r (0), r (1), r (2), s(0), and s(2) are O(1) as ε → 0, δ → 0, μ → 0. The
parameter ε is proportional to the initial jump in r from Equation (15), and
in the expansion for s we have assumed that s(1) = 0, which is consistent
with the discussion in the previous section, and could be readily deduced by
modifying the analysis below.

Inserting expansions (21) into Equation (20), we obtain

μ
(
εr (1)τ + · · · )
+ 1

4δ

(
3r (0) + s(0) + 3εr (1) + ε2(3r (2) + s(2)) + · · · ) (εr (1)ξ + ε2r (2)ξ + · · ·

)
= μ

6δ2

(
εr (1)ξξτ + ε2

(
r (2)ξξτ + s(2)ξξτ

)
+ · · ·

)
(22)

and (
με2s(2)τ + · · · )+ 1

4δ

(
r (0) + 3s(0) + · · · ) (ε2s(2)ξ + · · ·

)
= μ

6δ2

(
εr (1)ξξτ + · · ·

)
.

(23)

Because μ � 1/δ, the leading order term in Equation (22) is

O
(ε

δ

)
:

1
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where

2ȧ

9a2
= f f ′

f ′′ = −K , (30)

and K > 0 is the separation constant. We determine a and f as for BBM in
[5]

a(τ ) = A
9
2 AK τ + 1

, f (ξ ) = B tanh

(
B

2K
ξ

)
, (31)

where A > 0 and B > 0 are parameters to be determined. We choose the
parameters

B = 1, K = 1

2
, (32)

and retain the amplitude parameter A, which will be determined by the RH
locus, so that the solution (31) is

a(τ ) = A
9
4 Aτ + 1

, f (ξ ) = tanh(ξ ). (33)

Then, the approximate inner expansion shock solution to first order in ε can
be written

r (in)(ξ, τ ) = −s(0)

3
+ ε A

9
4 Aτ + 1

tanh(ξ ) + O(ε2), (34)

s(in)(ξ, τ ) = s(0) + O(ε2). (35)

To determine the free parameters s(0) and A in terms of the initial
data, we evaluate the solution (34), (35) at t = 0, ξ → ±∞, and compare
it with the first-order small-jump expansions of the initial conditions (12)
incorporating the RH locus:

r± = −s(0)

3
± ε A + O(ε2), (36)

s± =

O(
ε2ξ

→ ±( ′ ,

.(35)

A

A=1.
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vt + vvx = 0, where v = 1
4 (s

(0) + 3r ) (recall Equation (19)). This is nothing
but the dispersionless limit of the BBM equation (18). Indeed, one can
see that the first-order solution written in terms of v agrees with the inner
solution for the BBM expansion shock obtained in [5].
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where E is an additional constant of integration. Then the approximate inner
solution for the expansion shock to second order in ε becomes

r (in)(ξ, τ ) ∼ −1 + ε

(
−1

4
+ tanh(ξ )

1 + 9
4τ

)

+ ε2

3

(
−C + 2 + 17 sech2(ξ ) + D tanh(ξ ) + E sech(ξ )

16
(
1 + 9

4τ
)2

)
,

s(in)(ξ, τ ) ∼ 3 + 3

4
ε + ε2

(
C − 3 sech2(ξ )

16
(
1 + 9
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equations

εr (out)τ + 1

4
(3r (out) + s(out))r (out)X = 0,

εs(out)τ + 1

4
(r (out) + 3s(out))s(out)X = 0.

(51)

We expect a simple wave solution, which we expand as

s(out)(X, τ ) = 3 + 3

4
ε + 1

32
ε2 + · · · ,

r (out)(X, τ ) = −1 + ε

(
−1

4
+ r1(X, τ )

)
+ ε2

(
− 1

96
+ r2(X, τ )

)
+ · · · .

(52)

With these expansions, the Equation (51) for s(out) is identically satisfied.
The equation for r (out), expanded in powers of ε, yields(xpanded1 T361 Tf
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solves Equation (58). Matching to the inner solution (50), we obtain

lim
X→0±

r2(X, τ ) = F±
2

1(
1 + 9

4τ
)2 = lim

ξ→±∞
r (2)(ξ, τ ) = 1

24
(
1 + 9

4τ
)2 , (60)

so that F+
2 = F−

2 = 1/24, yielding the second-order correction to the outer
solution

r2(X, τ ) = 1 + 3|X |
24
(
1 + 9

4τ
)2 . (61)

The approximate outer solution therefore has the form

r (out)(X, τ ) = −1 + ε

(
−1

4
+ sgn X + 3X

1 + 9
4τ

)

+ ε2

24

(
−1

4
+ 1 + 3|
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Matching to the far field, we obtain the approximate, piecewise smooth outer
solution

r (out)(X, τ ) = −1 + ε



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6. Discussion

Decaying expansion shocks were recently identified as robust solutions to
conservation laws of nonevolutionary type that naturally arise in shallow-
water theory. In [5], we studied these shocks in the framework of the
unidirectional BBM equation, using matched asymptotic expansions. In
the present paper, the analysis of [5] is extended to a bidirectional
regularized Boussinesq system [1]. The extension to the bidirectional case
is more complicated, and has revealed further structure of expansion shocks
exhibiting subtle but essential features that appear in the second-order
corrections of the matched asymptotic expansion, while the first-order
solution is equivalent to the BBM expansion shock. The key approach
to our analysis of Boussinesq expansion shocks is the use of Riemann
invariants of the underlying ideal shallow-water equations as field variables
in the full dispersive system. Another important aspect is the requirement
of the balance between two small parameters: the width δ of the smoothed
Riemann data satisfying the stationary expansion shock RH conditions and
the value of the initial jump of the water height, measured by ε. The
product μ = εδ then sets the inverse timescale for the algebraic decay of the
expansion shock.
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Appendix

A pseudospectral Fourier spatial discretization with standard fourth-order
Runge–Kutta timestepping is utilized. We discretize the domain [−L , L]
according to xn = −L + 2Ln/N , n = 0, · · · , N − 1. To accommodate non-
periodic boundary conditions in h and u, the spatial derivatives g = hx ,
v = ux are numerically evolved according to

gt + (ug)x + (hv)x = 0,

vt + (uv)x + gx − 1

3
vxxt = 0.

(A1)

By choosing a sufficiently large domain L , the boundary quantities
|h(±L , t) − h±| and |u(±L , t) − u±| are maintained to within 10−9 for
the duration of the simulation, therefore g and v can be treated as localized,
periodic functions. Each undifferentiated term in Equation (A1) is spatially
localized, therefore we can compute their derivatives in spectral space, for
example,

F{(ug)x}n = iknF{ug}n, n = −N/2, · · · , N/2 − 1, (A2)

where F is the discrete, finite Fourier series operator, efficiently imple-
mented via the fast Fourier transform, and kn = nπ/L are the discrete
wavenumbers. The function h is approximated by an accumulation of its
derivative g according to

h(xn, t) = h− + F−1 {g̃(t)}n + 1

2L
(h+ − h−)(xn + L), (A3)

where

g̃n(t) =




−2L

N

N/2−1∑
m=−N/2

xmg(xm, t) n = 0

ĝn(t)

ikn
n �= 0

. (A4)

The sum for n = 0 in (A4) is a trapezoidal approximation of the integral∫ L
−L xg(x, t)dx so that an accurate, efficient reconstruction of h from g is
achieved. A similar computation is performed to obtain u.
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Time evolution is performed on the spectral, Fourier coefficients using
the standard fourth-order Runge–Kutta method. The nonlocal character of
the dispersive term vxxt/3 in Equation (A1) is not stiff so we use a
timestep of 0.002 and evolve to t = 45. The domain size is L = 120 (Figs.
2 and 3 show only a portion of the domain) and the Fourier truncation
is N = 214. The accuracy of the numerical computation is monitored
by ensuring that the conserved quantities |


