APPM 2360 Final Exam Summer 2022

1. [2360/072222 (30 pts)] Solve the initial value problem



(i) TRUE. The change of variabley =50 T yieldsy’ = 2y.

3. (35 pts) The following parts are not related.

(@) (10 pts) Consider the initial value problem (IVP) ty’ 3(Int)%e ¥ =0; y(1)=In8.
i. (8pts) Find the implicit solution to the I1\VVP.
ii. (2pts) Find the explicit solution to the IVP and state the interval over which the solution is valid.

(b) (25 pts) A particular solution to L(§/) =T, where L is a linear operator, is yp = cost. Suppose the characteristic equation for the
associated homogeneous equation is (r  2)(r> 1) = 0. Use Cramer’s Rule to find the solution to the following initial value

problem. No points for using other methods.
LE) = vy =4y =0y"0)= 1
SOLUTION:

(@) i. The equation is separable.
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ii. The explicit solutionisy = In (Int)® + 8 . Clearly, t > 0 for input into the “inner” Int. For input into the “outer” natural

logarithm function, we also need
(Int)®+8>0 = Int> P—5- > = t>e ?

The solutionisvalidon e 2;: 1 .

(b) Based on the characteristic equation, (r ~ 2)(r + 1)(r 1) = 0, the solution to the homogeneous equation is y, = c;e?t +
coe '+ cget so the general solution to which we apply the initial conditions isy = yn + yp.

y(t) = c1e?t + coe U+ czet +cost
y(t) = 2c1e?t  coe t+cget  sint

yO(t) = 4cie®t + coe T+ czet  cost

At t = 0 we have

2 32 3 23
Cp +co+cz3+1= 4 1 1 1 ¢ 3
2c; Cy +C3 = 0 = 42 1 154¢,5=405
4cqy +Ccp +C3 1= 1 4 11 C3 0

Now use Cramer’s Rule
1 11
2 1 1=1(1
4 11



The solution to the initial value problem is thus

y(t) = e?*+e '+ 3et+cost

4. [2360/072222 (29 pts)] The following parts are not related.

8

=0 t<O0
(@) (12 pts) Consider the function f(t) = >t2 0 t<?2

5t 2t

i. (3pts)



Thus
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(b) Q. Let xy(t); x2(t); X3(t) represent the mass (grams) of sugar and V1 (t); Va(t); Va(t) the volume of solution (L) in Tank 1, 2,

3 at time t, respectively. Then with
dv .
it = flow rate in  flow rate out
we have
Z Z



(@)

9 s =(1 )5 )+9= 2 4 +4=( 2?=0=) =2withmultiplicity 2

We need to find nontrivial solutions to (A 2I)§/ = %) giving

L]0 1 1
3 = = — = %/:
= 0 0olo > IV 3V2 >) 3

%ince there is only one eigenvector, we need to find the generalized eigenvector by finding a nontrivial solution to (A 2I)ﬁ =

3 1|1 rrg 1 3 3 1.1 1
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The general solution is
1 1
%(t) = cre?t 3 + et t st
Applying the initial condition yields
2
g T 4=
with Cramer’s Rule giving
2 1 1 2
1 4 9 3 1 7
C1 = =-=9 Co = =—= 17
T3 T 2771 3 1
1 4 1 4
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